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Effective intermolecular potential-energy functions for O2–O2, N2–N2, and O2–N2 are obtained directly from the
extended law of corresponding states for viscosity and experimental second virial coefficient data. The results are then
used to obtain a best Morse–Spline–van der Waals (MSV) potential model. The present potential functions provide the
best overall agreement for the available low-density gas-phase thermophysical data, i.e., second virial coefficient and
transport properties. The effective intermolecular potential energies from the inversion of thermophysical data reproduce
the viscosity, diffusion coefficient, and other transport coefficients within the experimental accuracy.

Over the past three decades, the determination of an accurate
interaction potential energy has been an area of vigorous activ-
ity. The intermolecular pair potential has been shown to repro-
duce many of the bulk properties of matter, such as the second
virial coefficient and transport properties.1–6 Several proce-
dures, including the analysis of molecular-beam scattering da-
ta,7–9 multiproperty fits10 and ab initio calculation methods,11–13

have been utilized in order to arrive at quantitative representa-
tions of the interaction potential energies for such systems.

A numerical method for the direct inversion of measured
transport coefficients and second virial coefficient to find the in-
termolecular potential energy, without any explicit assumption
about the functional form of the potential, has been developed
by E. B. Smith and co-workers.14–18 The inversion procedure
turned out to be quite successful, since by no other method
can one directly determine a unique potential function from
the inversions of a set of experimental data. If we can obtain
such information from one property, then we may be able to
calculate another useful property of the gas and thereby relieve
ourselves of the need to measure it.

For monatomic systems, the direct inversion technique can
give an accurate intermolecular potential energy. This algo-
rithm for polyatomic systems permits us to generate centrally
symmetrical effective interaction potential energy. Such a po-
tential is then used to computable of the other fluid transport
properties. The method used in this work was an iterative
one, and converged rapidly once a good choice had been made
for the initial starting potential.

The effective interaction potential energies of nitrogen, oxy-
gen and their mixture are important for many studies. In partic-
ular, they are needed to determine certain input data required
for a real gas analysis of aerodynamic flows. Knowledge of
the properties of the N2/O2 mixture is important for under-
standing upper-atmosphere chemistry and atmospheric reentry.

In this paper we perform a direct inversion method to deter-
mine the inner branch of the effective potential energy of pairs
of O2–O2, N2–N2, and O2–N2 corresponding to the experimen-
tal viscosity collision integral and the outer branch of their ef-

fective interacting potential energy, corresponding to the sec-
ond virial coefficient data. The obtained results are fitted to a
multiparameter MSV (Morse–Spline–van der Waals) potential
model. The effective intermolecular potential energies from the
inversion of thermophysical data reproduce the viscosities, dif-
fusion coefficients, and other transport coefficients within the
experimental accuracy.

Effective Pair Potential from Thermophysical Data

According to the kinetic theory of gases at low-densities and
the Chapman–Enskog solution19 of the Boltzmann transport
equation, the transport properties can be expressed based on a
series of collision integrals that depend on the intermolecular
potential energy, which is defined as
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where � is the scattering angle, QðlÞðEÞ is the transport collision
integral, b is the impact parameter, E is the relative kinetic en-
ergy of colliding molecules,UðrÞ is the potential energy, r is the
radial coordinate, and r0 is the closest approach of two mole-
cules. Superscripts l and s appearing in the collision integral
(�) denote weighting factors that account for the mechanism
of transport by molecular collision. For example, for the two
transport properties, viscosity and diffusion, the superscripts
assume values of l ¼ 2, s ¼ 2 and l ¼ 1, s ¼ 1, respectively.
Thus, three successive numerical integrations are required to
obtain the collision integrals.

The Chapman–Enskog kinetic theory19 of a single dilute
monatomic or spherical gas leads to the expression
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for the viscosity � of a pure gas at temperature T , where
�ð2;2Þ�ðT�Þ is the reduced viscosity collision integral as a func-
tion of the reduced temperature, T� � kBT=" and m is the mass
of the molecule. Here, kB is Boltzmann’s constant and f� is a
correction factor that depends slightly upon the temperature
and the interaction potential, but which seldom deviates from
unity by more than 1%. In this equation, the reduced collision
integral (�ð2;2Þ�) may be defined as

�ð2;2Þ� ¼
�ð2;2Þ

p�2
: ð5Þ

For non-spherical polyatomic molecules, however, the theo-
ry is complicated, caused by anisotropic forces associated with
the internal structures of the molecule. In particular, the kinetic
theory of polyatomic molecules, which takes into account in-
elastic collisions, is extremely complex and there have been on-
ly a few, approximate attempt to calculate the transport proper-
ties from this theory. In order to make numerical calculation for
the transport properties of polyatomic molecules, a simple ap-
proximation has been proposed by Monchick and Mason, who
assumes that the Chapman–Enskog theory of non-spherical
molecules retains its original form, but the collision integrals
must be averaged over all possible relative orientations occur-
ring in collisions.20 Their classical model ignores inelastic col-
lisions, thus restricting its applicability to viscosity and diffu-
sion coefficients, and also to the translational part of thermal
conductivity (frozen thermal conductivity). The collision inte-
grals can then be calculated assuming that molecules collide
with a fixed relative orientation during encounters. Therefore,
the transport properties are determined by the collision inte-
grals averaged over all of the initial orientations. Thus, the
Monchick–Mason collision integral, which is used in our calcu-
lation, is given by

h�ð2;2Þ�ðT�Þi ¼
1

p

Z p

0

Z 1

0

Z 1

0

�ð2;2Þ�d’dðcos �1Þdðcos �2Þ; ð6Þ

where h�ð2;2Þ�ðT�Þi is an orientation-averaged reduced viscos-
ity collision integral.

The physical basis for the Monchick–Mason assumption is
that most of the interaction in a collision occurs in the vicinity
of the distance of closest approach, during which the relative
orientation does not change much, so that one relative orienta-
tion dominants each collision. The expression for a typical in-
teraction viscosity coefficient, ½�12�1, of a gas mixture is the
same as Eq. 4 for a single gas with f� ¼ 1 and m replaced by
m12 ¼ 2m1m2=ðm1 þ m2Þ,

½�12�1 ¼
5

16

5m1m2kBT

ðm1 þ m2Þp

� �1=2 1

�2
12h�

ð2;2Þ�
12 ðT�12Þi

; ð7Þ

where subscripts 1 and 2 denote the different pure components.
Experimental values of ½�12�1 can be extracted from measure-
ments of the whole mixture as a function of the composition.21

The measured �ðTÞ for a dilute gas can be inverted by the
method described in the following paragraph to yield the re-
duced centrally symmetrical effective interaction potential,
U�ðr�Þ � U=", as a function of the reduced distance, r� �

r=�, in which � is a distance scaling parameter, such that
Uð�Þ ¼ 0, and " is the depth of the potential well. A precisely
accurate correlation formula for the low-density transport prop-
erties of nitrogen, oxygen and its mixture was proposed by
Bzowski and co-workers over a wide temperature range.22,23

The orientational average reduced collision integral,
h�ð2;2Þ�ðT�Þi, for the viscosities of N2–N2, O2–O2, and N2–
O2 is thus related to the reduced temperature (T�) as

h�ð2;2Þ�i ¼ exp½0:46641� 0:56991ðlnT�Þ

þ 0:19591ðlnT�Þ2 � 0:03879ðlnT�Þ3

þ 0:00259ðlnT�Þ4� for 1 � T� � 10; ð8aÞ

h�ð2;2Þ�i ¼ ��2�2b1:04þ a1ðlnT�Þ�1

þ a2ðlnT�Þ�2 þ a3ðlnT�Þ�3

þ a4ðlnT�Þ�4c for T� � 10; ð8bÞ

where h. . .i denotes the angle average of the collision integral
and the values of ��, �, and a’s were previously define.22 An
expression for h�ð2;2Þ�ðT�Þi in the low-temperature region
(T� < 1) has not been obtained, because (i) no experimental in-
formation concerning viscosity at the low temperatures is avail-
able and (ii) the existence of several long-range contributions to
the interaction potential, whose effects on the low-temperature
properties can not be separated. The experimental viscosity da-
ta used in this work covered the temperature range of about
110–2100 K.

For the sake of simplicity, we use �ðl;sÞ� instead of h�ðl;sÞ�i
in later expressions.

Inversion Scheme. The direct inversion procedure of Smith
and co-workers15–18 is based on the idea that at a given temper-
ature T , there is a separation distance r at which the potential U
is approximately equal to kBT and the viscosity collision inte-
gral �ð2;2Þ is approximately equal to pr2. It is always possible
for a given intermolecular potential to find a function G�ðT�Þ
for which this idea becomes exact through the equations

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð2;2Þ=p

p
; ð9Þ

UnðrÞ ¼ kBTG
�
n ðT

�Þ; ð10Þ

where G�
n ðT�Þ is the n’th inversion function and the subscript n

refers to the n’th iteration number. Eqs. 9 and 10 are central
equations in the inversion scheme.

The inversion technique begins by employing the experi-
mental viscosity collision integral from corresponding states
correlation equations given by Bzowski et al.22,23 [Eqs. 8a
and 8b] to convert data points (�ð2;2Þ�

exp , T�) to their correspond-
ing (U� � U=", r� � r=�) on the potential energy curve. We
then make an initial guess of G� from an initial model potential
energy function, denoted by U0ðrÞ. A reasonable choice for this
initial approximation is the Lennard-Jones (12, 6) model, where
the values of �ð2;2Þ�ðT�Þ of this model potential are given by
Viehland et al.24 From this initial-guessed potential function,
we generate the inversion function (G�

0 ðT�Þ)

G
�
0 ðT

�Þ ¼ U�
0 ðr

�
0 Þ=T

�; ð11Þ

where subscript 0 denotes that G� corresponds to the initial es-
timate of the potential.
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The fundamental postulate of the inversion procedure is then
that the series of data points (U1, r) generated by applying

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð2;2Þ

exp =p
q

; ð12Þ

U1 ¼ kBTG
�
0 ðT

�Þ; ð13Þ

to the experimental data at each temperature, constitute a closer
approximation to the true potential than does the origin,
guessed, function, U0ðrÞ. To develop an iterative scheme it is
therefore necessary to extrapolate the function U1ðrÞ to both
larger and smaller separations in order that its collision inte-
grals,�ð2;2Þ�

1 , can be computed. At long range this extrapolation
may be performed by means of one inverse sixth-power func-
tion,

UðrÞ ¼ �
C6

r6
as r ! 1; ð14Þ

which is known to be the true asymptotic limit, where C6 is the
dispersion coefficient. It is remarkable to mention that the in-
version procedure is insensitive to the nature of the extrapolat-
ing function.15

Once these extrapolations have been carried out, the first
iterate potential (U1ðrÞ) may be employed to compute its corre-
sponding collision integrals (�ð2;2Þ�

1 ) using Eqs. 1–3, and hence
a new inversion function through equations similar to afore-
mentioned equation:

r�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð2;2Þ�

1

q
; ð15Þ

G
�
1 ðT

�Þ ¼ U�
1 ðr

�
1 Þ=T

�: ð16Þ

The triple integrals 1–3 are evaluated by using the Gatland ver-
sion of a computer program developed by O’Hara and
Smith.25,26 This new inversion function can then be used to gen-
erate a second iterate sequence of data points (U2, r) for the true
potential by repeated use of Eqs. 9 and 10:

r� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð2;2Þ�

exp

q
; ð17Þ

U2 ¼ kBTG
�
1 : ð18Þ

The new potential is a closer approximation to the true potential
energy than the potential of the initial model, and thus the proc-
ess may be repeated until convergence occurs. It must be men-
tioned that the �ð2;2Þ�

exp values are obtained from the correlation
equations 8a and 8b.

The present results converged after three iterations. The vis-
cosity data, which has been used to invert the centrally symmet-
rical effective interaction potential energy for N2–N2, O2–O2,
and N2–O2, provide us only with the potential at distance r� �
1:3 Furthermore, it can be shown that the negative potential
well is only partly determined, in that its width can be found
as a function of its depth.27 However, knowing the inner branch
of the potential well (r� � 1:3) from the viscosity (Eq. 17), we
can use this information in conjunction with the second virial
coefficient data to determine the outer branch (attractive re-
gion) of the well uniquely, so we have

U� ¼ T� � 1; ð19Þ

r�R � r�L ¼ �
2p
3
N0ðB�2 � 1ÞNðT�Þ; ð20Þ

where r�R and r�L are the reduced coordinates of the outer and
inner walls of the potential well, respectively, N0 is Avogadro’s
number, NðT�Þ is a function of T�, whose numerical values are
tabulated by Clancy et al.,27 and B�2 � 3B2=2pN0�3 is the re-
duced second virial coefficient, where B2 is the second virial
coefficient. Knowing the inner branch of the potential well from
the viscosity, we can use this information in conjunction with
the second virial coefficient data to uniquely determine the out-
er branch of the well. The selection of the experimental second
virial coefficient data was guided by critical survey by Dymond
and Smith28 and the present work of Hall.29

Results and Discussion

The effective interaction potential energies for O2–O2, N2–
N2, and N2–O2 have been determined by using a direct inver-
sion of the experimental correlation of the viscosity data.
Eqs. 9 and 10 define the coordinates of a point (U�, r�) on
the effective intermolecular pair potential curve. It should be
mentioned that the viscosity collision integrals for a polyatomic
molecular gas at low temperature are not available, and there-
fore our effort was just devoted to a calculation for which
T� � 1. At long range, only the well-width of the potential ob-
tained from the second virial coefficient data is available. This
has been used in conjunction with the inner coordinates of the
well obtained in the viscosity inversion to give the effective po-
tential energy in the separation range.

The obtained results are fitted in the usual way by assuming a
multiparameter potential form. The parametric potential form
chosen is the Morse–Spline–van der Waals (MSV) piecewise
function with the following form:

U�ðr�Þ ¼ exp½2�ð1� �r�Þ� � 2 exp½�ð1� �r�Þ�

r� � r�1 ; ð21aÞ

¼ b1 þ ðr� � r�1 Þfb2 þ ðr� � r�2 Þ½b3 þ ðr� � r�1 Þb4�g

r�1 < r� � r�2 ; ð21bÞ

¼ �C�6 =r
�6

r�2 < r� � 1; ð21cÞ

where C�6 � C6="�6 is a long-range dimensionless constant,
and � � �=rm, where rm is the distance at the location of the
attractive minimum. A Morse function and the van der Waals
dispersion expansion are used for the well and long-range inter-
actions, respectively. The spline function is also used for join-
ing them smoothly. Parameters that provide the best fit to the
inversion data are given in Table 1. The values of the scaling
potential parameters, � and "=kB, can be obtained from the ex-
perimental viscosity data at two arbitrary temperatures, T1 and
T2. For this purpose, we can first define the quantity K� by

K� ¼
�ðT2Þ
�ðT1Þ

� �
exp

T1

T2

� �1=2

: ð22Þ

Using Eq. 4, we can obtain an alternative equation in terms of
T�

K� ¼
�ð2;2Þ�ðT�1 Þ
�ð2;2Þ�ðT�2 Þ

� �
f�ðT�2 Þ
f�ðT�1 Þ

� �
; ð23Þ

where the reduced temperature (T�i ) relates to "=kB as
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T�i ¼
kBTi

"
: ð24Þ

Here, the higher-order correction factor, f�ðT�Þ, is

f� ¼ 1þ
3

196
ð6E� � 7Þ2; ð25Þ

which seldom deviates from unity by more than 1%. By em-
ploying the experimental points of (�, T), the experimental val-
ue of K� can be obtained from Eq. 22. Making an initial guess
at the potential well depth that denotes it by "0, the initial esti-
mates of data points (�ð2;2Þ�, T�) and ( f�, T�) may be obtained
at two temperatures, T1 and T2, by applying Eqs. 23 and 24
and Tables 2–4. As a first approximation to "=kB we may use
the value calculated from the critical temperature21 as
"0=kB ¼ 0:77Tc, where Tc is the critical temperature. We then
generate the approximate value of K� from Eq. 23 and compare
it with the observed value of K� obtained from Eq. 22. We used
repeated trials to establish the minimum deviation between the

observed value of "=kB, based on Eq. 22, and the calculated
value of "=kB, obtained from Eq. 23. Once the value of "=kB
has been determined, the parameter is obtained from the equa-
tion

� ¼
266:93

ffiffiffiffiffiffiffiffi
mTi

p
f�ðT�i Þ

½�ðTiÞ � 107��ð2;2Þ� ðT�i Þ

� �1=2

; ð26Þ

in which Ti is either T1 or T2. The parameter C�6 was also esti-
mated from the last data point in the attraction region,
U�ðr�Þ ¼ �C�6 =r�

6

. The values of the scaling potential param-
eters (�, "=kB, and C�6 ) obtained in this work are given in
Table 1.

The inverted reduced centrally effective potentials for O2–
O2, N2–N2, and N2–O2 are shown in Fig. 1. Our obtained
MSV centrally effective potential energy functions of O2–O2,
N2–N2, and N2–O2 are also shown in Fig. 2. Note, however,
from Fig. 2 and a comparison of the potential-well parameters
given in Table 1, one can conclude that the O2–O2 potential is
much more attractive at small r. The N2–N2 potential, which is
slightly deeper in the long-range van der Waals tail than the
O2–O2 potential, is expected to yield a stronger bound state.

The obtained effective intermolecular potential energies
from the inversion of thermophysical (viscosity and second vi-
rial coefficients) data reproduce the collision integrals and their
ratios, which are needed to calculate other transport properties
more accurately. The ratios of the collision integrals are found
according to the following formulas:

A� �
�ð2;2Þ�

�ð1;1Þ�
; ð27aÞ

B� �
5�ð1;2Þ� � 4�ð1;3Þ�

�ð1;1Þ� ; ð27bÞ

C� �
�ð1;2Þ�

�ð1;1Þ�
; ð27cÞ

Table 2. Dimensionless Collision Integrals and the Related Ratios for Oxygen

log T� �ð2;2Þ� A� B� C� E� F�

0.0 1.5853 1.1124 1.2023 0.8420 0.8761 0.9158
0.1 1.4193 1.1068 1.1718 0.8533 0.8846 0.9230
0.2 1.2834 1.1023 1.1471 0.8676 0.8972 0.9332
0.3 1.1749 1.1001 1.1291 0.8826 0.9110 0.9454
0.4 1.0890 1.1002 1.1165 0.8968 0.9237 0.9583
0.5 1.0201 1.1020 1.1078 0.9091 0.9340 0.9708
0.6 0.9635 1.1042 1.1014 0.9195 0.9418 0.9820
0.7 0.9158 1.1062 1.0963 0.9278 0.9476 0.9913
0.8 0.8746 1.1079 1.0930 0.9345 0.9524 0.9983
0.9 0.8389 1.1099 1.0929 0.9394 0.9571 1.0028
1.0 0.8081 1.1136 1.0969 0.9424 0.9615 1.0053
1.1 0.7811 1.1196 1.1038 0.9433 0.9642 1.0076
1.2 0.7557 1.1267 1.1092 0.9427 0.9635 1.0114
1.3 0.7294 1.1318 1.1079 0.9419 0.9590 1.0170
1.4 0.7004 1.1313 1.0975 0.9424 0.9529 1.0232
1.5 0.6691 1.1234 1.0795 0.9457 0.9481 1.0277
1.6 0.6372 1.1087 1.0578 0.9517 0.9467 1.0293
1.7 0.6073 1.0895 1.0367 0.9599 0.9498 1.0280
1.8 0.5815 1.0692 1.0191 0.9691 0.9565 1.0247
1.9 0.5609 1.0503 1.0061 0.9780 0.9653 1.0206
2.0 0.5456 1.0345 0.9976 0.9857 0.9746 1.0166

Table 1. The MSV Potential Parameters

Potential
N2–N2 O2–O2 N2–O2parameters

�/ �A 3.656 3.418 3.537
"=kB (K) 96.8 118.8 106.7

� 6.521 6.663 6.576
� ¼ �=rm 0.894 0.897 0.895

r�1 1.188 1.188 1.188
r�2 1.636 1.636 1.611
b1 �0:8889 �0:8731 �0:8828
b2 1.5004 1.4161 1.5310
b3 �2:4354 �2:9612 �2:6489
b4 1.91923 3.9155 2.6007

C�6 � C6="�6 4.154 4.413 4.111
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E� �
�ð2;3Þ�

�ð2;2Þ�
; ð27dÞ

F� �
�ð3;3Þ�

�ð1;1Þ�
: ð27eÞ

Numerical values of �ð2;2Þ� ðT�Þ and the defined ratios A�, B�,
C�, E�, and F� for O2 and N2 are given in Tables 2 and 3.

The kinetic theory of the polyatomic equation for the viscos-
ity of a binary mixture is

�mix ¼
1þ Z�

X� þ Y�
; ð28Þ

where

X� ¼
x21

½�1�1
þ

2x1x2

½�12�1
þ

x22
½�2�1

; ð29aÞ

Table 4. Dimensionless Collision Integrals and the Related Ratios for Nitrogen–Oxygen

log T� �ð2;2Þ�
12 A�12 B�12 C�12 E�12 F�12

0.0 1.5868 1.1144 1.2039 0.8415 0.8758 0.9165
0.1 1.4199 1.1086 1.1730 0.8526 0.8839 0.9236
0.2 1.2829 1.1038 1.1479 0.8668 0.8963 0.9338
0.3 1.1735 1.1012 1.1294 0.8820 0.9101 0.9459
0.4 1.0869 1.1010 1.1167 0.8963 0.9230 0.9585
0.5 1.0177 1.1026 1.1084 0.9087 0.9337 0.9707
0.6 0.9612 1.1052 1.1028 0.9190 0.9419 0.9816
0.7 0.9139 1.1080 1.0992 0.9271 0.9481 0.9907
0.8 0.8733 1.1110 1.0980 0.9332 0.9531 0.9974
0.9 0.8382 1.1151 1.1008 0.9373 0.9578 1.0016
1.0 0.8078 1.1215 1.1087 0.9390 0.9619 1.0041
1.1 0.7808 1.1308 1.1198 0.9383 0.9637 1.0067
1.2 0.7546 1.1413 1.1284 0.9359 0.9613 1.0111
1.3 0.7261 1.1491 1.1284 0.9333 0.9546 1.0176
1.4 0.6937 1.1500 1.1170 0.9327 0.9462 1.0244
1.5 0.6580 1.1419 1.0961 0.9355 0.9396 1.0293
1.6 0.6216 1.1255 1.0706 0.9420 0.9375 1.0309
1.7 0.5874 1.1037 1.0454 0.9514 0.9407 1.0294
1.8 0.5581 1.0804 1.0243 0.9621 0.9485 1.0258
1.9 0.5347 1.0586 1.0087 0.9727 0.9588 1.0215
2.0 0.5173 1.0404 0.9984 0.9820 0.9696 1.0174

Table 3. Dimensionless Collision Integrals and the Related Ratios for Nitrogen

log T� �ð2;2Þ� A� B� C� E� F�

0.0 1.5819 1.1099 1.1930 0.8451 0.8791 0.9170
0.1 1.4210 1.1052 1.1653 0.8573 0.8887 0.9251
0.2 1.2900 1.1019 1.1437 0.8716 0.9016 0.9357
0.3 1.1854 1.1010 1.1281 0.8861 0.9147 0.9481
0.4 1.1019 1.1020 1.1167 0.8994 0.9261 0.9611
0.5 1.0338 1.1039 1.1078 0.9110 0.9351 0.9737
0.6 0.9770 1.1055 1.1003 0.9208 0.9418 0.9848
0.7 0.9284 1.1063 1.0938 0.9291 0.9472 0.9937
0.8 0.8863 1.1064 1.0893 0.9360 0.9521 1.0000
0.9 0.8500 1.1071 1.0887 0.9412 0.9573 1.0036
1.0 0.8193 1.1099 1.0933 0.9444 0.9626 1.0053
1.1 0.7930 1.1159 1.1016 0.9453 0.9661 1.0069
1.2 0.7688 1.1238 1.1087 0.9443 0.9657 1.0103
1.3 0.7434 1.1300 1.1090 0.9429 0.9610 1.0159
1.4 0.7150 1.1307 1.0997 0.9428 0.9543 1.0223
1.5 0.6836 1.1239 1.0821 0.9454 0.9487 1.0272
1.6 0.6513 1.1099 1.0603 0.9511 0.9468 1.0291
1.7 0.6206 1.0911 1.0387 0.9591 0.9493 1.0279
1.8 0.5939 1.0707 1.0206 0.9682 0.9558 1.0247
1.9 0.5725 1.0517 1.0007 0.9772 0.9645 1.0207
2.0 0.5565 1.0356 0.9983 0.9850 0.9738 1.0167
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Here, subscripts 1 and 2 denote the different pure components,
A�12 is the ratio of the binary collision integrals (Eq. 27a), ½�12�1
is the interaction viscosity coefficient obtained from the Eq. 7

and x their mole fractions in the mixture. However, it has been
demonstrated that, provided the experimental values of the pure
gas viscosities are employed to replace the first-order approxi-
mation to them, ½�i�1, no significant error results, especially for
mixtures in which the species mass ratio is near to unity.

Moreover, the expression for the self diffusion (Di) at a given
pressure (P) is

Di ¼
3

8

kBT

pm

� �1=2kBT

P

fD

�2�ð1;1Þ�
; ð30Þ

where fD is a higher-order correction factor, which can be de-
fined as

fD ¼ 1þ
ð6C� � 5Þ2

8ð2A� þ 5Þ
; ð31Þ

Fig. 2. The calculated Morse–Spline–van der Waals (MSV)
intermolecular potential energy functions of the O2–O2,
N2–N2, and N2–O2.

Fig. 1. Reduced pair potential obtained by INVERT of the
corresponding state viscosity for O2–O2, N2–N2, and N2–
O2. Note that the scale of reduced potential is logarithmic.

Table 5. Predicted Viscosities and Diffusion Coefficients from the Inversion Method and Absolute Average
Percentage Deviations

T/K
O2–O2 N2–N2 N2–O2

�/mPa s 104D/m2 s�1 �/mPa s 104D/m2 s�1 �aÞ/mPa s 104D/m2 s�1

150 11.17 0.0571 10.01 0.0584 10.46 0.0611
200 14.59 0.0989 12.92 0.1001 13.56 0.1044
250 17.73 0.1500 15.54 0.1505 16.37 0.1561
300 20.60 0.2092 17.93 0.2086 18.94 0.2153
400 25.75 0.3476 22.15 0.3440 23.72 0.3543
500 30.38 0.5140 25.82 0.5061 27.75 0.5183
600 34.62 0.7045 29.21 0.6917 31.64 0.7022
700 38.59 0.9174 32.71 0.8991 35.15 0.9097
800 42.31 1.2147 36.18 1.1897 38.45 1.2042
900 45.82 1.4735 39.11 1.4431 41.52 1.4608
1000 49.16 1.7514 41.90 1.7168 44.72 1.7370

AAD% 0.752 2.61 0.526 2.16 0.675 2.40

Absolute average percent deviation is defined as follows: AAD% = ð1=NÞ
PN

i¼1 Abs½ðCalci �
ExptiÞ=Expti� � 100. a) The mole fraction of N2 is 0.6216. Experimental data are taken from Ref. 30–43.
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where A� and C� are given in Eqs. 27a and 27c, respectively.
The binary diffusion coefficient (D12), can also be obtained
from the kinetic theory of polyatomic gases in terms of �ð1;1Þ�

12 ,

D12 ¼
3

8

m1 þ m2

2m1m2

� �
kBT

p

� �1=2kBT
P

1þ�12

�2
12�

ð1;1Þ�
12 ðT�12Þ

; ð32Þ

where�12 is a higher-order correction term of the binary diffu-
sion coefficient:

�12 � 1:3ð6C�12 � 5Þ2
a12x12

1þ b12x12
; ð33Þ

in which C�12, the ratio collision integrals, can be obtained from
Eq. 27c and Table 4, and

a12 ¼
ffiffiffi
2

p

8½1þ 1:8ðm2=m1Þ�2
�ð1;1Þ�

12 ðT�12Þ

�ð2;2Þ�
22 ðT�22Þ

; ð34aÞ

b12 ¼ 10a12½1þ 1:8ðm2=m1Þ þ 3ðm2=m1Þ2��1; ð34bÞ

in which m2=m1 < 1. Note that all units are in the SI system.
Table 5 contains the predicted viscosities and diffusion coef-

ficients of low density from the inversion method. The absolute
average percent deviations between the calculated and experi-
mental values have also been included.

Conclusion

The effective intermolecular potential energy functions of
the oxygen, nitrogen, and its mixture were calculated by the in-
version technique. The potential energies for these systems, ob-
tained by inversion of viscosity and second virial data, were
used to evaluate improved collision integrals more accurately
than is possible by the extended law of corresponding states.
The improved collision integrals and their ratios can be used
to calculate all of the transport coefficients within the precision
of the experimental data. Our estimated accuracies are within
1% for the viscosity and 4% for the diffusion coefficient.

We are thankful to the Research Council of University of
Tehran for their support of this work.
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